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Summary

m Prof. Martin found that L? was not enough and L? N L™
might be too much for the orbitals.

m We are trying to explore what if we use H' instead of
L? N L™ for the orbitals.



5, Theorems and Examples

Definition of Sobolev Spaces W#?(€2) and Sobolev Norm

= The Sobolev spaces W*P(Q) are defined over an arbitrary
domain 2 C R™ and are vector subspaces of various spaces
LP(€2) such that function f and its weak derivatives up to
some order k have a finite LP norm. The Sobolev norm
| ||kp, where k is a nonnegative integer and 1 < p < oo, is:

k 1/p
Iy ={ D 1D fIB , ifl1<p<oo
0<|a|<k

[ fllkco = max [[Dflloc, if p=o00
0<a|<k



5, Theorems and Examples

Definition of Sobolev Spaces W#?(€2) and Sobolev Norm

m Sobolev spaces with p = 2 are especially important because
they form a Hilbert space. A special notation has arisen to

cover this case:
Hk‘ — Wk’2
In addition, the H* inner product is defined in terms of the

L? inner product.

k

(U, v) g = Z(Diu, D)2
i=0

Hence, the space H* becomes a Hilbert space with this

inner product.

m In this project, we consider functions in W12, which is also
known as H'.



, Theorems and Examples

Example

Example: Compute ||¢ () ||g1, where (2,7, 2) € R3,

r=+/x?2+y?+ 22 and p(r) :\/Z?ge*ZT.

By definition, we have:

2 2 2
el =1 ellz + I Velly

We can compute,
+oo +oo —+o00 9 %
Lol = ([ [ [ 7 avaya:)
+o0 %
= <47T/ ©? (T‘)TQd’I”)
0
1
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Example
| Vel = (///w wdv>
2 2 3
_ dyp dp ’
(G () (o)
:</// _zmdmydz>
+OO 3
_ </ —2Zr 2dr> — 7
0
Therefore,

| @l = (1+2%)1?
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Embedding Theorem

Theorem 1: WFP(R?) C Wh4(R™) if k > [ and k — Tzl-1
Lemmal: f, g H'= fge L' NL?
Proof.

By Theorem 1,let k=1, p=2,n=3,l=0and ¢ =4, we
have H! C L*.

Since f, g€ HY, f, g€ L*

Hence, [ £gll3 < 172113 - 192113 = ILFII3 - llgllg < -+oc. So,
f, g€ L%

On the other hand, ||fg|l1 <||fl]l2 - |lg]l2 < +00. Hence,
fg e L.

Therefore, fg € L' N L?



LDeﬁnltlons, Theorems and Examples

Sobolev Inequality

Theorem 2:Assume that f(z) € C§°(R"™), a infinitely
differentiable function with compact support. Then for
1 <p<nandg= £, there exists a constant C(n,p) such that

1£llg < C(n, D)V £l

3=

where C(TL, p) L(n(p pl) ) ! (F(n/p)F(n(Jrlsz/p)wn—l )
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Sobolev Inequality

Example: Consider n = 3 and p = 2, then ¢ = 6 and we have:

1flle < CB,2)[IVfll2

We computed and get: C(3,2)=0.616216.
Suppose f,g € H', we can show that:

1£9lls < 12115 - 1lg°115
= I£115 - llgll3
<Al 11 - gl - gl
< 3,2 [Ifll2- llgllz - IV 13 - 1V ll13
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Theorem 3:

@]
[ EE iy < Gyl 11,1 1,

where f € LP(R"™),h € LI(R") and % + % +2 =2 with A < n.
We concern the case that A = 1 and n=3. So, we have:

@) - h(y)|
/ Sy ey < Cogll 7l bl

where f € LP(R%),h € LY(R*) and L +1 = 3.

3

For example, we can have p=1 and ¢ = 3.



Application of L* and H; Spaces

Professor Martin did:
Case 1. Define W,|[f](r) = [ Mf(r’)dr/.
[ fig1W[fgldr may be unbounded, when f, g € L?.

Suppose f(r) =,/ Z;e*Z

2 2 2Zr 227! 5.1
W dr = | — — s — dr')dr = <Z
/f L ldr / T (/Hr—T,H ‘ rdr 8

™

" we have:



Professor Martin did:

Case 2. We assume that both f and ¢ are in L? N L>. Using
Hélder’s inequality with (L?, L?) we have

gl < [ f1]2]lg]l2

and also
I1fgll2 <[l fllesllgll2

Thus fg € L' N L2

W,[] is unbounded L' N L? — L?, but bounded L' N L? — L*



Application of L* and H; Spaces

We did:

Case 3. We assume that both f and ¢ are in H'. According to
Lemma 1, if f, g € H', then fg € L' N L?. Hence, W,[fg] is
bounded in L.

Hence, when fi, g1, f,g € H', we have:

/ fratWyltaldr < |1fll2 - llor - Wolfallla

<|lfill2 - [lg1ll2 - IWp[falllee
< +00.



We did:

Case 4. Since f,g € H' = fg € L3/2, we consider if we can use
fg € L3? instead of fg € L' N L2

Prove: f,gc H' = fge L3/

Proof :

Hfg||3/2 < IV(f9lly
=[IVf-9+Vg-flly
<IIVf-glli +1IVg- flly
< IV £llo - Hlgllz +11Vally - £l

However, when fg € L*/2, we have:

/flglwp[fg]dT = +00

Hence, we give up this attempt.



LThe Mistake we made

We derived:
() g
xr— y
oo > C' > sup ff llz =yl (Theorem 3)
ra flllglls/2
Hg(y |
a—y .
dydx (Fubini)
e / A1 S Mlgllsye
oy 4Y
= sup HMHOO (L' and L™ are dual spaces)

lglls/2

:supH/ 9W) 1 g
U gl e =l




e we made

H9H3/2 [I2]]

1
= Sup/ —dz
||9H3/2 IE

|3 = o0 (L?’/2 and L? are dual spaces)

HZH

Can you find the mistake?
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