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ABSTRACT

Necessary and sufficient conditions for nonnegative matrices having nonnegative
Drazin pseudoinverses are obtained. A decomposition theorem which characterizes
the class of all nonnegative matrices with nonnegative Drazin pseudoinverses is
proved, thus answering a question raised by several people. It is also shown that if a
row (or column) stochastic matrix has a nonnegative Drazin pseudoinverse A, then
A is some power of A. These results extend known results for nonnegative
group-monotone matrices.

1. PRELIMINARIES AND DEFINITIONS

For every square matrix A (real or complex) there is a unique solution X
to the equations AX=XA, A*=A**'X for some positive integer k, and
X=X?A. The unique solution X is called the Drazin pseudoinverse (or
simply Drazin inverse) of A and is written as A®).. The smallest positive
integer k such that A*=A**'X is called the (Drazin) index of A. If k= 1, the
Drazin inverse of A is called the group inverse of A and is denoted by A¥®.

If N is a matrix such that N*7!30, N¥=0, then k is called the
(nilpotency) index of N.
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174 S. K. JAIN AND V. K. GOEL

A matrix A =(g;) is called nonnegative if a,; >0, and this is expressed as
A>0. An n X n square matrix A =(a,) is called row (or column) stochastic if
a; >0 and X7_ja;=1 (or a; >0 and Z7_,a,=1). A matrix is called doubly
stochastic if it is both row and column stochastic. If a matrix A is a direct
sum of matrices S,, then the matrices S; are called summands of A.

Let A be any square matrix, and let k be the index of A. It is shown in [3]
that either A is nilpotent or

k k
ar=1] F, H Crsr-o
i=1  i=1
where each of the matrices F,,...,F, and [I*_,F, has full column rank and
each of the matrices G,,...,G, and [1*_,G,,,_; has full row rank. Also, the
following relations hold:

A=F,G,

and
GiFt‘=Fi+1ci+p i=1,2,...,k—1;

(G F,) ™! exists, and

k k
AD = H Fi(cka)_k—l H Girr-ie

i=1 i=1

The above rank factorizations of powers of a matrix will be called the
Cline’s rank factorizations. In addition, if II*_,F, and II*_,G,,,_; are
nonnegative, then the matrix A* is said to have nonnegative rank factoriza-
tion. We give, in Theorem 2, a necessary and sufficient condition for a
nonnegative matrix to have a nonnegative Drazin pseudoinverse via Cline’s
rank factorization. '

The proof of our Theorem 3, which characterizes the class of all
nonnegative matrices having nonnegative Drazin pseudoinverses, makes use
of the following result proved in [8].

Treorem A [8, Theorem 1]. Let A be a nonnegative matrix and
A* =p(A) >0, where p(A)=a;,A™+ -+ +a,A™, a;%0, m, >0. Then there
exists a permutation matrix P such that

J JD 0 0
¢] Cb 0 0
0 0 0 O
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where C,D are some nonnegative matrices of appropriate sizes and J is a
direct sum of matrices of the following types (not necessarily both):

(1) BxyT, where x, y are positive vectors with y'x=1and B is a positive
root of T3 at™* =1,
(I1)

0 Bie2x yzr 0

0 0 Basx, Y, 0

0 0 0 0 Byl g ydT
Bdlxdylr 0 0 0

where x; and y, are positive vectors of the same order with yx,=1, x, and x;,
i74], are not necessarily of the same order, d|m,, for some m, d >1, and
Big, ..., By are arbitrary positive numbers such that their product
Bi2 By - Byy is a common root of the following system of at most d
equations in t:

2 ait(m(+1)/d= 1’
dlm+1

> aqttmtl-R/d_g g {1,....d-1},
dlmy+1—k

where the summation in each of the above equations runs over all those m,
for which d|m,+1—k,k=0,1,...,d~ 1, with the convention that if there is
no my; for which d|m,+1-k, ke(l,...,d—1)}, then the corresponding
equation is absent.

Conversely, if for some permutation matrix P

J D 0 0
CJ] CD 0 0
0 0 0 0

where C,D are arbitrary nonnegative matrices of appropriate sizes and | is a
direct sum of matrices of the following types (not necessarily both):
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(I') BxyT, B >0, x,y are positive vectors with yx=1,

Biox, yzr 0 0
0 0 Basxz Y3 Y
0 0 0 e 0 Bd—l,dxd—lydr
Bayxay! 0 0 0 0

where fB,>0 x; and y, are positive vectors with y'x,=1, then A¥ exists and
is nonnegative.

Throughout this paper the matrices of types (I), (II), (I'), or (II') will
mean the types described in Theorem A.

2. NECESSARY AND SUFFICIENT CONDITIONS

In the following, for any matrix A, N(A) and R(A) will denote respec-
tively the null space and the range of A. Also, for any positive integer n, R}
will denote the nonnegative orthant of the n-dimensional Euclidean space.
Theorem 1 extends the theorem of Berman and Plemmons {1] to matrices of
index k, and the proof is exactly on the same lines as that of Berman and
Plemmons.

THEOREM 1. Let A be an nXn nonnegative matrix of index k. Then
A 30 if and only if

Ax€R, +N(A¥), xeR(A*) = x30.

Proof. Let A >0, and AxERY +N(A*), x€ R(A*). Write Ax=x, +
n, x,€ER"Y, and nEN(A*)=N(A?). Now xER(A*) implies x=A*b for
some vector b. So x=Ab=A*""Ap=ADA(AD)= ADAx=AD (x, + n)
= A("'):c1 > 0, as desired.

Conversely, in order to prove that A9 >0, we shall prove that for each
nonnegative vector x,A%x > 0. Since A is of index k, we can write x=x, + x,
where x, € R(A*), x,EN(A¥)= N(A@). Then A¥x= Adx, + A@ =AMy,
Since x,ER(AY), AAYx, =x,=x—x,ER" + N(A¥). Thus by hypothesis
Ax; > 0. Hence AYx= A¥x, yields A > 0 as desired. ]

THEOREM 2. Let A be a nonnegative matrix of index k. If A*=
5 \FI5. .Gy, _;, where each of the matrices F,,...,F, has full column
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NONNEGATIVE DRAZIN PSEUDOINVERSES 177

rank with H’,.‘_lFi 20, and each of the matrices CL.....Gy has full row rank,
with [5Gy, _,>0, such that GFi=F G, i=12...k~1. Then
AD >0 if and only if (G,F) " '"%>0.

Proof. Let (G,F,)"'"* > 0. From [3],
Al = H’:-1Fi(Gka>_l_kHI:-1ck+l—r

Since (G,F,)™'7* >0, we get A > 0.

Conversely, let A > 0. Since A"=(Hf_lFi)(H'f_1C,(+1_i) is a nonnega-
tive rank factorization of A* and (A =AWk 50 by [2, Lemma 2], the
left inverse ([I*_,F,), and right inverse (IIY_ G, ,_,) are both nonnegative.
From (3], (cka)—l_k=<H§-1F.')LAM)(H’:-1ck+1-a)n- Thus (GF)™'"* >0,
completing the proof. [}

Remark 1. Whether every nonnegative matrix A with A4 >0 has
Cline’s rank factorization such that [*_,F, and .Gy, _, are nonnegative
is open.

Remark 2. For a given Cline’s rank factorization of any square matrix A
(not necessarily nonnegative) of index k, it can be shown that

A= A'p(a)
if and only if

(GE) ™' =(GF)*(GF,),

where p(x) is some polynomial in x with scalar coefficients. The above
interesting result follows by straightforward computations.

3. DECOMPOSITION THEOREM

We observe that the class of nonnegative matrices having nonnegative
Drazin pseudoinverse contains matrices of the form

K KD 0 o

0 0 0 0
CK CKD 0 o}

0 0 0 0

Where C,D are arbitrary nonnegative matrices and

(5 %)
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in which J is a direct sum of matrices of the types {I') and (II') (not
necessarily both) and

0 Cl2 Cl(} Cll

0 0 G, Cy,
N=l-« .0 o000

0 0 0 C_y.,

0 0 0 0

Where O’s on the diagonal stand for square matrices and the C;’s are
nonnegative matrices of appropriate orders. If N#0, then the above class is
strictly larger than the class of all nonnegative matrices having nonnegative
group inverses (Theorem A). The following example shows that not every
nonnegative matrix A with A >0 is in the above class. Consider

a+; —a+; 13

A=| a+} —a+3 3|, —:<a<i, a#0
1 11
"2(1'*‘3 2a+3 3

Here A=xxT+ N, xx'N=0=NxxT, N is nilpotent, and

a —a 0 1/V3
N=| g4 —a OJ, x=|1/V3
—2a 2a O 1/\/5

Also, A2=xxT, A2=A% A@=A2? and indexA=2. If A were in the class
described above, then this being stochastic K =J (N must be absent) and thus
by Theorem A, the matrix A is of index 1, a contradiction.

Recall that the Drazin pseudoinverse of a matrix A of index k is a
polynomial p(A) in A with scalar coefficients and is of the form

p(A)= X q,A™,  m >k

=]

THEOREM 3. Let A>0and A >0. Let A =p(A)=33_ q,A™, a,#0,
m, > k. Then

A=A +--- +A +N,

504



NONNEGATIVE DRAZIN PSEUDOINVERSES 179

where

A>0,  AA=0, i

AN=0=NA, 1<ij<r

N is a nilpotent matrix of the (nilpotency) index k, and for some permutation
matrices P,

G GD 0 0

0 0 0 0
PAPT= ,
"ttt yece o cep o o

0 0 0 o0

in which C,D are nonnegative matrices of appropriate sizes, and G is a
matrix of type (I) or (II).

Conversely, suppose A is a nonnegative matrix of index k; A=A,
AN A >0 AA =0, i AN=0=NA, 1<i,j<rN is nilpo-
tent of the: (nilpotency) index k; and for some permutation matrices P,

G GD 0 0

0 0 0 0
CG CGD 0 oy

0 0 0 0

PiAiPiT=

where G is a matrix of type (I) or (II') and C,D are arbitrary nonnegative
matrices of appropriate sizes. Then A9 > 0.

Proof. Write
A=A"AD+ N, where N=A—AU©@),
It can be easily verified that
(AZA@)* = 4@

and N is a nilpotent matrix of (nilpotency) index k. Thus B= A24A® >0 and
B¥ >0. Also, AD=3F qA™ m >k, a, 70 gives

B¥=AW= g aqA™= ; a(APAD)™

=> aB™.
i
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Thus by Theorem A there exists a permutation matrix P such that

J JD 0 O
PBPT= 0 0 0 0 ,

c] CJD 0 O

0 0 0 O

where C,D are nonnegative matrices and J is a direct sum of matrices of )
type (I) or (II) (not necessarily both).
Let J=X],, where .

0
0
Ji= s,
0)
Then PBPT=3 B, B;B;=0, i#j, where
I, JD 0 O
B=|0 0 0 O
‘““lc, D 0 of
0 0 0 0
Also
IAd J¥ D 0 0
B*= 0 0 0 O}
Cl¥ CI¥D 0 0 ’
0 0 0 O

From Theorem A it immediately follows that

¥ B3, if S, isof type (I).
‘ (B - .Bdl)_lsid_l if S, isof type (11).

But then JJ* =8 "% or J¥ =(B" - B,.) " U4~ !. This gives

Btg =8 -ZB.' or B(# =(Blz' e :Bdl)_lB'd_l-

t
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Since B; >0, B,* >0, we apply Theorem A to the matrix B, and obtain

that for some permutation matrix P,

C GD 0 o0
pRpT=| O 0 0 0
T CC CGD o o

0 0 0 0

where C,D are nonnegative matrices of appropriate sizes and G is a direct
sum of matrices of type (I) or (II) (We might mention that the matrices C,D
occurring above in the form for PBP' are not the same as the ones
occurring earlier in the form for B;). As stated in Theorem A, the summands

of G are determined by polynomial p(t) where B;* = p(B,).
Now, we have

Blz=:8 _ZB,‘ or B.':;t =(:312' o Bdl)_lB'dnl

Thus

p()=B"% or p(t)=(Bs- - “Byy) el

Therefore, summands of type (I) are yxy T, where v is a positive root of

B _2t2=, 1. This gives y = . And summands of type (II) are

0 Y12%) y2T 0 - 0
0 0 Yo3Xz Y3 0y,
Yar%ayy 0 0 o0

where v, are arbitrary positive numbers such that their product y,,
a root of

(’312. .. Bdl)"lt(d—l*'l)/d:l.
This gives
Yiz* " Ya1 =Bz - Buy.
Further, since

rank G =rank B, =rank J, = rank S

T Yar is
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we get that G consists of only one summand of type (I) or (II) and this
sumnmand is of the same form as the §,.
From A=B+ N and PBPT=B,+ - - - + B, we have

A=PTBIP+ s +PTBrP+N.
If we set .
A,=P'B,P,

then
A=A+ -+ +A+N,

where A; > 0; A;A; =0, i7];
AN=0=NA;

and for some permutation matrix P,

G GD 0 0
ST e ceb 0 0
0 0 0 0

where G is a matrix of type (I) or (II). This completes the proof in one
direction.
Conversely, we have

A=A+ - +A +N,

where A, > 0; A;A; =0, i7j; etc. We may delete any A, which is zero. So we
can assume that either A=N or A=A+ -+ + A +N, where all A;70. In
the former case A =0, and hence the converse is trivial. In the latter case,
no A, can be invertible. Thus A is a polynomial in A; with zero constant
term. Therefore,

AFA=0,  i#.

This immediately yields

Also, it is clear by hypothesis that A,* >0. Therefore (A;+--- +A,)% >0.
Using N*=0, one verifies directly that

AD=(A+---+A)". (1)

Hence A > 0 as desired. [ ]
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Incidentally, we may mention that it follows from (1) that A + A,
+-+A =A@,

The sum A’A=A +A,+--- + A, in the decomposition of A given in
Theorem 3 will be called the nilpotent-free part of A, and N the nilpotent
part of A.

The next theorem shows that if A is a row {or column) stochastic matrix
with A >0, then A@ is some power of A, and the nilpotent-free part of A
is also row (or column) stochastic.

TueorRem 4. Let A be a row (or column) stochastic matrix with A@ > 0.
Then A9=A" for some positive integer u. The nilpotent-free part B=
A%AY s also row (or column) stochastic, and the nilpotent part N is such
that the sum of entries in each row (or column) is zero.

Proof. Let A be of index k. Then

A(d)=(A(d))kA"‘l=(Ak)(d)A"‘l

=(A")”A"'1=A'°’A"_l, by [8, Corollary 47,

since A* is also row (or column) stochastic. Hence A"=A% for some
positive integer u>k. Then B=A?AD=A%*2 5 also row {(or column)
stochastic, and hence the sum of entries in each row (or column) of N is zero.

|

REFERENCES

1 A Berman and R. J. Plemmons, Matrix group monotonicity, Proc. Amer. Math.
Soc. 46:355-359 (1974).

2 A Berman and R. ]. Plemmons, Inverses of nonnegative matrices, Linear and
Multilinear Algebra 2:161-172 (1974).

3 R. E. Cline, Inverses of rank invariant powers of a matrix, SIAM J. Numer. Anal.
5:182-197 (1968).

4 P. Flor, On groups of nonnegative matrices, Compositio Math. 21:376-383 (1969).

5 Emilie Haynsworth and J. R. Wall, Group inverses of certain nonnegative
matrices, Linear Algebra and Appl. 25:271-288 (1979).

6 S. K. Jain, V. K. Goel, and Edward K. Kwak, Nonnegative mth roots of
nonnegative 0-symmetric idempotent matrices, Linear Algebra and
Appl. 23:37-51 (1979).

7 S. K. Jain, V. K. Goel, and Edward K. Kwak, Nonnegative matrices having same
nonnegative Moore-Penrose and group inverses, Linear and Multilinear Alge-
bra 7:59-72 (1979).

8 S.K. Jain, V. K. Goel, and Edward K. Kwak, Decomposition of nonnegative group
monotone matrices, Trans. Amer. Math. Soc., to appear.

3 S. L. Campbell and C. D. Meyer, Recent applications of Drazin inverse, to
appear.

Received 14 December 1978; revised 27 August 1979

509



